The homogenization results obtained by Bacca et al. (Homogenization of heterogeneous Cauchy-elastic materials leads to Mindlin second-gradient elasticity. Part I: Closed form expression for the effective higher-order constitutive tensor. http://arxiv.org/abs/1305.2365 Submitted, 2013), to define effective second-gradient elastic materials from heterogeneous Cauchy elastic solids, are extended here to the case of phases having non-isotropic tensors of inertia. It is shown that the nonlocal constitutive tensor for the homogenized material depends on both the inertia properties of the RVE and the difference between the effective and the matrix local elastic tensors. Results show that: (i.) a composite material can be designed to result locally isotropic but nonlocally orthotropic; (ii.) orthotropic nonlocal effects are introduced when a dilute distribution of aligned elliptical holes and, in the limit case, of cracks is homogenized.
Introduction
Microstructures introduce length-scales and nonlocal effects in the mechanical modeling of solids, so that the use of higher-order theories becomes imperative, in particular when large strain gradients are involved [as in the case of localization of deformation (Dal Corso and Willis, 2011) or fracture mechanics (Mishuris et al., 2012) ].
Nonlocality, often introduced phenomenologically (Cosserat and Cosserat, 1909; Koiter, 1964; Mindlin, 1964; Aifantis, 1978) , can be analyzed from the fundamental and scarcely explored 1 point of view in which it is linked to the microstructure of a Cauchy elastic heterogeneous material via homogenization theory. This approach was followed by Bigoni and Drugan (2007) and extended by Bacca et al. (2013a) who obtained a closed-form solution for the nonlocal effective response through a second-order homogenization procedure, based on the dilute approximation. In the present article this result is generalized to allow the possibility of phases having non-spherical ellipsoids of inertia (or non-circular ellipses of inertia in plane strain), Fig. 1 , left. By matching the elastic energy of a Cauchy elastic heterogeneous material ( embedded within a matrix with constitutive tensor C (1) and homogeneous equivalent SGE material (right) with effective tensors C eq and A eq .
1, left) with that of a homogeneous higher-order elastic solid ( Fig. 1, right) , both subject to the same displacement conditions on the boundary, it is shown that a sixth-order constitutive tensor can be obtained, defining a second-gradient elastic (SGE) material (Mindlin, 1964) . The results show how the shape and the constitutive symmetry class of the phases influence the higher-order response and are exploited to investigate two particular cases of special interest.
One case is that a Cauchy elastic heterogeneous material (e.g. a rectangular lattice of circular elastic inclusions in an isotropic elastic matrix, Fig. 2 , right) can be designed to result at the same time locally isotropic, but nonlocally orthotropic. The other one is the case of a dilute dis-M N Figure 2 : Two composites M and N containing a dilute suspension of isotropic circular inclusions in an isotropic matrix (with the same volume ratio f ≪ 1). While standard homogenization leads to the same effective isotropic constitutive fourth-order tensor for both distributions, C eq (M) = C eq (N ), second-order homogenization leads to different effective nonlocal properties, A eq (M) = A eq (N ). In particular, while
tribution of aligned elliptical voids and the limit case of cracks, providing nonlocal orthotropic effects.
Nonlocal effective response
Through application of the second-order homogenization procedure, the evaluation of the effective nonlocal response of a Second Gradient Elastic solid (Mindlin, 1964 ) obtained by Bacca et al. (2013a) , and valid for a RVE having inclusion and matrix with spherical ellipsoids of inertia, is extended to the case of phases with generic ellipsoid of inertia.
The homogenization is performed on a heterogeneous Cauchy RVE (volume Ω C RV E ; Fig.  1, left) , where a dilute distribution of inclusions (phase (2), local constitutive tensor C (2) ,
volume Ω C 2 =f Ω C RV E , volume fraction f ≪ 1) is embedded within a matrix (phase (1), local constitutive tensor C (1) volume Ω C 1 =(1−f )Ω C RV E ). The homogenization leads to a homogeneous SGE material (with effective local constitutive tensor C eq and nonlocal constitutive tensor A eq , volume Ω SGE eq = Ω C RV E ; Fig. 1, right) . The equivalent response is obtained through the annihilation of the strain energy mismatch between the heterogeneous and equivalent materials, which is W
when the following second-order (linear and quadratic) displacement field u is imposed on both the boundaries of the RVE and the SGE u = u, on ∂Ω C RV E , and
where α ij and β ijk are constant coefficients, the latter satisfying the symmetry β ijk =β ikj . The strain energies for the heterogeneous Cauchy material and the equivalent SGE material are given by integration over the domain of the respective strain energy density, namely
To explicitly evaluate the effective nonlocal response, some of the geometrical assumptions introduced by Bacca et al. (2013a) are now modified. In particular, coincidence of the centroids of matrix and inclusion, both centered at the origin of the x i -axes (i.e. geometrical property GP1 in Bacca et al. 2013a ) is still assumed, namely, the static moment vectors of the inclusion, of the matrix and of the RVE are null
but no restriction is now assumed about the shape and the directions of the ellipsoids of inertia for matrix and the inclusion (i.e. the geometrical property GP2 of Bacca et al. 2013a is removed).
Introducing the normalized inertia tensor B for a generic solid occupying the region V , defined as the second-order Euler tensor of inertia E divided by the RVE volume (or area in plane-strain) Ω C RV E ,
the normalized tensors of inertia for the matrix
and the RVE B RV E = B(Ω C RV E ) are given by
[k] ,
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are the k-th unit vectors identifying the principal system for the matrix, the inclusion, and the RVE, and ρ
are the respective radii of gyration, and N is equal to 3 (or 2 for plane strain case).
Note that from eqns (6) and (7) it follows
so that the normalized tensors of inertia for the RVE can be isotropic, B RV E = ρ RV E 2 I , even when the tensors of inertia of the matrix and inclusion are not isotropic. In other words, since B
(1) , B (2) and B RV E are geometrical quantities, B RV E corresponds to the normalized inertia of the region enclosed by the the external contour of the RVE.
Considering the normalized inertia tensors (7), it is assumed that for the inclusion all the radii of gyration ρ (2) k vanish in the limit of null inclusion volume fraction f (a modification of the geometrical property GP3 in Bacca et al. 2013a), namely,
Similarly to the computations in (Bacca et al., 2013a), the energy mismatch condition (1) is now used to obtain a nonlocal material equivalent to the heterogeneous Cauchy RVE. Since Lemmas 1 and 2 in (Bacca et al., 2013a) are not affected by the geometrical assumption GP2 (which is now removed), the mutual energy is still null at first-order in f . Considering that C eq is obtained through a first-order homogenization, the energy mismatch (1) is given only by the contribution related to the sole quadratic displacement boundary condition,
where the symbol ⋄ denotes the fact that the quadratic displacement field is restricted to produce a self-equilibrated stress in an auxiliary homogeneous medium with local tensor C * , taken as a first-order perturbation in f to the equivalent local constitutive tensor C eq (see Bacca et al., 2013a, for details).
Lemmas 3 and 4 in (Bacca et al., 2013a) can be extended by considering the definition of normalized Euler tensors of inertia given by eqns (7), and from which the strain energies instrumental to compute the energy mismatch can be obtained as
and
By using eqns (11) and (12) to impose the annihilation of the energy mismatch (1) for a generic purely quadratic boundary condition (and leading to a self-equilibrated stress within the arbitrary medium characterized by local tensor C * ), the nonlocal sixth-order tensor A eq of the equivalent SGE material is evaluated (at first-order in f ) as
whereC is the first-order discrepancy tensor, defined as
and assumed to be known from standard homogenization. Solution (13) represents the evaluation -in the dilute case-of the nonlocal behaviour of the equivalent SGE material under the geometrical assumptions (5) and (9) . Regardless of the ellipsoid of inertia of the inclusion phase, this solution reduces to that given in (Bacca et al., 2013a) when a RVE enclosing a region with a spherical ellipsoid of inertia,
It is worth to remark that, while the normalized inertia tensor B RV E is dependent only on the shape and size of the external boundary of the RVE, the first-order discrepancy tensorC is dependent on the constitutive tensors of both phases and on the shape of the inclusion phase.
Similarly to the case of phases with spherical ellipsoid of inertia (Bacca et al., 2013b) , it can be noted that:
• the equivalent SGE material is positive definite if and only ifC is negative definite;
• the constitutive higher-order tensor A eq is linear in f for dilute concentrations; but, differently, the higher-order material symmetries of the equivalent SGE solid involves not only the material symmetries of the first-order discrepancy tensorC. Indeed, when a RVE encloses a region with a non-spherical ellipsoid of inertia (see Appendix A for details), the symmetry class of the higher-order response for the effective material coincides with the symmetry class of both the RVE's normalized inertia tensor B RV E and the first-order discrepancy tensorC.
Therefore it is transparent that an isotropic higher-order behaviour (in the dilute case) is obtained only when both the first-order discrepancy tensorC and the normalized inertia tensor B RV E are isotropic.
Application cases
With reference to composites with phases having isotropic Cauchy behaviour
the anisotropic nonlocal effective response is analyzed by considering applications of the homogenization result (13) to the following specific geometries:
• RVE enclosing a region with a spherical ellipsoid of inertia;
• inclusion with non-spherical ellipsoid of inertia.
The above examples show that, similarly to the usual first-order homogenization, specific assumptions on the geometry of the phases lead to anisotropic nonlocal effective response and that, more interestingly, in the case of RVE enclosing a region with non-spherical ellipsoid inertia (and under the dilute assumption), anisotropic nonlocal effective response can arise even in composites having isotropic local effective behaviour.
RVE enclosing a region with non-spherical ellipsoid inertia
Restricting attention to inclusions which geometry is such that the first-order discrepancy tensor, eqn (14) , is isotropicC
and considering the principal directions of the RVE ellipsoid of inertia 3 as the reference system, the components of the normalized tensor of inertia B RV E , eqn (7) 3 , can be written as
and the solution (13) leads to the following effective nonlocal orthotropic tensor 4
where the 3N nonlocal parameters are given by
Note that the effective nonlocal tensor A eq , eqn (19), is an orthotropic sixth-order tensor and that it reduces to an isotropic sixth-order tensor when the ellipsoid of inertia of the RVE becomes a sphere (or a circle in plane strain), ρ RV E k = ρ RV E for k = 1, ..., N . Furthermore, the homogenization procedure leads to a positive definite SGE material when the discrepancy tensorC is negative definite, corresponding tõ
whereK is the bulk modulus, equal toλ + 2μ/3 when N = 3 andλ +μ when N = 2.
3 The nomenclature 'RVE ellipsoid of inertia' means the inertia of the region enclosed within the external contour of the RVE, according to eqn (8) . 4 The nonlocal parameters appearing in definition of the orthotropic tensor, eqn (19), have been denoted by
to use the same nomenclature as in (Bacca et al., 2013b) .
It is worth to mention that the 3(N − 1) nonlocal parameters a
can be expressed as functions of the two nonlocal parameters a
Equation (22) reveals that (for inclusions less stiff than the matrix and) if ρ RV E k /ρ RV E 1 > 1 (< 1), namely, when the distance between the inclusions is larger (smaller) in the direction k than in direction 1, then the nonlocal behaviour is stiffer (less stiff) in the former direction than in the latter (Fig. 2, right) .
The explicit evaluation of the non-local parameters is provided below for two simple cases, by considering the discrepancy parametersλ andμ reported in (Bacca et al., 2013b) , since the first-order homogenization result is not affected by the external shape of the RVE in the dilute case.
Circular elastic inclusion within a rectangular RVE. In the case of a circular elastic inclusion (in plane strain condition) of radius r embedded in a rectangular RVE with edges h 1 and h 2 (parallel to the directions x k , k = 1, 2), the three nonlocal parameters a [1] 2 ; a [1] 4 ; a 
from which, by using relation (22), the remaining three parameters a [2] 2 ; a [2] 4 ; a
follow in the form
Note that a positive definite equivalent SGE material is obtained only when the inclusion phase is 'softer' than the matrix in terms of both shear and bulk moduli, namely,
Spherical inclusion within a parallelepipedic RVE. In the case of a spherical elastic inclusion of radius r embedded in a parallelepiped with sides h 1 , h 2 and h 3 (parallel to the directions x k , k = 1, 2, 3), the three nonlocal parameters a [1] 2 ; a [1] 4 ; a 
from which, by using relation (22), the remaining six parameters a [2] 2 ; a [2] 4 ; a [2] 5 ; a [3] 2 ; a [3] 4 ; a
4 , a
2 , a
4 . (27) Similarly to the case of circular elastic inclusions, the equivalent SGE material is positive definite only when condition (25) is satisfied.
Inclusion with non-spherical ellipsoid inertia
It has been shown that solution (15) , obtained by Bacca et al. (2013a) , remains valid regardless of the ellipsoid of inertia of the inclusions, whenever the RVE encloses a region with a spherical ellipsoid of inertia. Solution (15) is now exploited to achieve the nonlocal effective behaviour of a composite with aligned elliptical holes and, in the limit of vanishing ellipse axes ratio, of cracks.
Elliptical hole within an isotropic matrix. The presence of equally-oriented inclusions with non-spherical ellipsoid of inertia within a composite introduces an anisotropy in the effective behaviour. In particular, when a system of dilute aligned elliptic holes (with semi-axis b k parallel to direction x k , k = 1, 2) is considered within an isotropic matrix, the effective behaviour is orthotropic with orthotropy axes coincident with those of the elliptical hole, so that the first-order discrepancy tensorC described in the reference system of orthotropy is (Tsukrov and Kachanov, 2000)
withλ
where the parameter Λ is the ratio between the ellipse's semi-axes, Λ = b 2 /b 1 . Considering that the RVE encloses a region with a spherical ellipsoid of inertia, B RV E ij = ρ RV E 2 δ ij , the effective nonlocal tensor A eq can be obtained, exploiting solution (13) , as the following positive-definite orthotropic sixth-order tensor 5
with the following nonlocal parameters
(31) In the case that the RVE has a square boundary, and by considering the first-order discrepancy quantities given by eqn (29), the nonlocal parameters simplify to
The nonlocal effective constants {a 2 ; a 4 = a 5 ; a 6 = a 9 /2} given by eqn (32) are reported in Fig. 3 as functions of the ellipse semi-axes ratio b 2 /b 1 and for different values of the Poisson's ratio of the matrix ν 1 = λ 1 /(2(λ 1 + µ 1 )). Note that both the constants a 6 and a 9 , defining the orthotropic nonlocal effective behaviour, approach zero in the limit b 2 /b 1 → 1, so that the nonlocal orthotropic behaviour turns out to be isotropic when the elliptical voids become circular holes.
Effective nonlocal parameters in the limit case of aligned cracks. Although the sixthorder tensor (30) has been obtained excluding the possibility that inclusions have non-null radius of inertia at null volume ratio (namely, eqn (9)), the nonlocal parameters of the effective tensor A eq for a dilute distribution of aligned ellipses, eqn (32), can be used to obtain the limit values for a dilute distribution of aligned cracks (Λ = b 2 /b 1 → 0) with length 2b 1 within a square RVE as . Note that both constants a6 and a9 approach zero in the limit b2/b1 → 1, so that the nonlocal orthotropic behaviour turns out to become isotropic when the elliptical voids become circular holes.
Conclusions
An homogenization scheme has been shown to describe nonlocal effects for a heterogeneous Cauchy elastic material containing a dilute distribution of inclusions of arbitrary shape in an arbitrary RVE (under the condition that inclusion and RVE have a coincident center of mass). Results show that the shape of the RVE influences the effective nonlocal behaviour even under the dilute approximation, in contrast with the usual homogenization scheme valid at first-order.
A Coincidence of symmetry class of A eq with the intersection of the symmetry classes ofC and B
RV E
Considering the sixth-order tensor D eq defined as where the orthogonal transformation Q (defined with respect to an orthogonal tensor Q) applied to the RVE's normalized inertia tensor B RV E , to the first-order discrepancy tensorC, and to the sixth-order tensors A eq and D eq is given by Q(B RV E ) ij = Q ip Q jq B 
